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1. Matrix multiplication (hand-in) (W#Y)

a) For anatural number & > 1, we define the k-th power of a square matrix Aas A¥ = Ax Ax---x A

k times
where x denotes matrix multiplication. Moroever, we define A° = I.

00
A=1[1 0 .
01

Find z,y, 2 € R such that A® 4 zA? 4+ yA + 2I = 0. Note that both I and 0 are 3 x 3 matrices in
this equation.

a")z 040 403
A=|lo 234 ), A¥=( 313
A 03 034

Now consider the matrix

S W =

Aty p 3+d
&2 (3&-3 A+ 3Rt G4x+3 =0
X oty At 3rre

= x=0,y4="3, z=-4

b) Let A and B be n x n matrices. Assume that A and B are commuting, i.e. AB = BA. Prove that
we have (AB)F = A*BF forall k € N.

b) Prook ‘)3 isduchon, base cose:
€ k=0 (RB)° =1~ A =AI=N¢
§ k=4: (rBY =AB=pA"'8"

Slep case :  assuning k€M fxed but ocbideocy ; wie show thot

fom (AB)X = R¥BK Gllows (aBI*™ = Ak

)k*d

Y = caB)R(ap)

Cossumpt.) = P\k Bk AB

=pkp---BAB
e~
k-tmes



(k-Kmes commat.) = Ak AB\‘ 8

= Ak"" ka‘

¢) We say that a square matrix A is nilpotent if there exists & € N such that A¥ = 0. The minimal
k € N such that A* = 0 is called the nilpotent degree of A.

Let A be a nilpotent matrix of degree k¥ € N, and B be a matrix commuting with A. In particular,

note that both A and B are square matrices. Is AB nilpotent? If yes, what can we say about the
nilpotent degree of AB?

¢) AR is vilpokat {f 3 mel b()h%)'“-o.
Since (ABI™ = A™ B™ aod i m=k thea (AB)X= AkEk = pBk =0.

=2 Yes, ABis nilpodent with J.e.acee o} mogt k!
d) Let A be ann x n nilpotent matrix of degree k € N. Prove that (I — A)(I + A+...+AF1) =1T.

d.) Usiag disﬁbuﬁvil:\j of madeefes !
CL-AY(T+A+. +A")

TeR+ .+ N (A .t AR)

k

T+ht. A" - (ar...tAY 40D

TA(A~ ... A% )~ A+ ...+ Ak

T @

e) Let 7" be an n x n upper triangular matrix. Assume that the diagonal of 7" consists of 0’s only.
Prove that 7" = 0, i.e. 1" is nilpotent of degree less or equal to n.

e) Siche Mu.s-lclb‘.sma, oxe L3$una¢n.
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5. Nochsle Woche (2)

PA=LO
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