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> QR Zerlegung
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/V\> Eigenwerte &
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/7\ Orthogonality
Vector Space \/
\/ <Least Squares>

’\ <QR Decomposition>

Terms

(Rank, Basis, Span,

CR Decomposition, \/ Determinates
Null Space, Column

Space, Dimen:
g8 ) Eigenvalues &
Eigenvectors

Linear
3 SVD & PCA
Transformation
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. Eine Menge an Vektoren, die jeden Vektor infeinem Vektorraum ouldoutlg

linear-kombinieren kann. B&S‘S (UMSG‘A A L\C\W MM ‘)

. Zum Beispiel C(A) und N(A). Eine abgeschlossene Menge. Ist immer ubel elnen

Korper definiert. Erfiillt einige Axiome. \'U*O( -Sfﬁab

.R,C Rdds

. Jeder Vektor in einem Vektorraum besteht aus einer ... von Basisvektoren. {3neo¢ comBM‘\';Oﬂ
. Die Menge aller Linearkombinationen.

. Die Mindestanzahl an Vektoren, die benétigt wird, damit sie zusammen den

Vektorraum spannen kénnen. Oimﬂ‘«m (# V&“"Oﬂ\ einer Bosis )

. Eine Ebene im R?, die durch den Ursprung geht. Sub 6?““ Q* ‘R?:
. Seien v, w zwei Vektoren. Es gilt: dim(span{v,w}) = 2. Wie nennt man v und w? L‘wlﬂ \\(dﬂ.?m&ll\t

. Gegeben eine Menge M an Vektoren in einem Vektorraum V. Es gilt: 3z € M mit

span(M — {x}) = V. Wie nennt man M?

Wean Sfo.n( M-~ SR} immec noch qoat \V) st».nc\\;,
So cuss N uknﬁu\o\ (=a§>m\ia3') e .
Fecner, M- 413 cteugend. heB6 W st Un. dep- und Waine Bosis
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Fis bedz, Moty Ae " glet e qpran vier fundamentol subspoces:

Nollspoce : [NCAY,  Left mallspoce: [NCN )] dind(AY= nov, diaNCAT) = wer

Colomagpoce .'l Rowspace: | RCA) = C(P\Tl, dim CLR)=dimCLA" )= ¢
Es gt

"= NCA) D CLN)
F™ = NN IECCA)
uhd."

NCAY= cCAT Y e 7

NCA )= et cF™

® Spudol 0ad pockienlor Selwkion of LSE

* Die Losmssmu\sc dms LSE kaan man sdwuben als Semme won

. Lciw ?ot‘“cu-lot Soludhon Ax =q, Sowie

* |o\ea special selukons Ar=0

L*-' R+ Lo ' Nﬁw AX:B
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- Ein [veckoc space],iorechall dines vedor spaces
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o Lineackombination : AY T F¥C Q| woba C:e (K Skalas und a; € R" Veldor

. ,SFM: sfmﬁqu...‘%ks;‘ WMenge allec Liceockombicasionen ams o, ....an
= CcM=5Ac: x6R"} flls A= [dr--an]

= Mege aflec moglichen Velchorn, die owd 0y - an
lineor kombiniert wesden lesnaen

SFOl\ﬁ_QM...,CLn % tS‘\' C:“'\ VOHQRM:

oukupspanet von Veletoren a, (... 0p
Bsp: swi(g).ﬁg)gcf?\z

| SM«\J/ Gnnero."'ins Set
* Eine Meaae on Veldorn, die den Vechspoce s?ou\n'l;!

b Calls sronivm...,v,.l =\

® Bosts

° \imcg set + Uaneoc ut\au\;naia!

L dehe die windat Avrohl on Velclomen, die Lu\ﬁ'H’ wetden b
den Velkdorspace 2w spornen,

* Dimension = Pyl Veldomn, die eine Basis dep VS bu\a}ia{
= dim V



8 Column Syo.ce CCR)
*CCAY = $ Ax, xe\l
= span de Spulknveldoen von A

* ook (AR) = Dimension dey CCA)  baw. # Rosiswekioen des CLNY, des Un. ind. an“tn

a Null S?o.ce NCA)

. LSsurﬂsmaz det Ax=0

homoaemos LSE

| CR- Dmo\fo&i-l'ion

e A=CR wobei [rankA =nkC [ und AR |C< RV ReR™"

(]| ] | |
Fal\s|w=u.+v1 [\{ U|‘ “i’ = [\l’ T][:):)\E_J (PR
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* C ist die Un. iod." Vession von A

- Bs gilt C(A)=C(e)

o (3[4 3] 143 3] E]0as



A=CR

A=LU

A=QR

5=QAQT
5Q0=0Q1

A=Ui VT
Av=U2

The Five Factorizations of a Matrix

Il
I
[[]]
[[]]

}

>0 0

<MC

First rindependent columns of A
Combines the columns in C
to produce all columns in A

Lower triangular matrix/all ones on the diagonal
Upper triangular matrix/no zeros on the diagonal

Columns are orthogonal unit vectors
Triangular R combines those orthonormal
columns of Q to produce the columns of A

Columns of Q are orthonormal eigenvectors of S
Diagonal matrix: Real eigenvalues of S

Orthonormal singular vectors (outputs from A)
Diagonal matrix: Positive singular values of A
Orthonormal singular vectors (inputs to A)
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* Meire Locma

Nullspace and column space (hand-in) (**i?)

Let v be a unit vector (i.e. || v || = 1) in R?. Consider the 3 x 3 matrices A and P defined by

A:=vv', P=Ii—v' =I;— A

where I3 is the 3 x 3 identity matrix.

a) Calculate A% and P2. Try to simplify the expressions you get as much as possible.

@) A*=AR= (uvTICwWT)

= wwivwyT = W' = A
—

=A
2
P* =P-P= (T3~ AT -A) = T2 - 2T A+ A?
= 13— ZA“' A
= 'Is-h = P
b) Let w € R be orthogonal to v (i.e. w - v = 0). Prove Aw = 0.
¢) Now let w € R? be a vector satisfying Aw = 0. Prove w - v = 0.

d) Based on b) and c), describe the nullspace N(A).

e) Determine the rank of A. Is A invertible?
b) 2.2 wv=0 =>Au=0

Au=0 &= WTu=0 &> v-020 &> 0=9
\-’N., = |
=0

¢) 12 Aw=0= wv=0
From AWz VVTW =2 WTw =0 e see Hhat yTu nast be O since
V40, W40 pudef. g
d) Al veshocs in NCR) wast Le ed'keaoul o v,
NCAY= § we®R?, wv=03%
e) PAs NCA) is a hypecplam of R, it Vos dimeasion 2.

=> vaakA = dim CCR) = dimR® - dim NCA) = 3-2 = 4



f) Prove that C(A) = {av : a € R}.
g) Also prove that C(A4) = {w € R3 : Aw = w}.
h) Use g) to prove N(P) = C(A).

i) Finally, prove C(P) = N(A).

[ I
$) As A= wT = [v,"\{ vz-\l/ v,-x:: ]

we see thak erecy col. is o mulbiple of v.
This vaeans ony Ax iz o malbiple of v,

hence CCA)Y = § Mx, x€¢R®Y s spoaned by v

Uhich gives Ch) =S av, xeR Y,

3) To prove CCK) = 3u eRs, Av=ul ue show “S.“ od

ACov) =2 wlav
= aawTv
= v

= CA) & JwelRd Auzw?.

[\

. Let we®® with Aw=w, we see

(Aw) < CLA) per def colume space.

= fue®d Ausul sclh 4

h) N(P)= S weR®, Pu=07%
=jue®3, (I,-A)w=01}
=f WweRd w-Au=0%}

=5 ueR?, Au=wl * ceh)

9) “

et Lek (av1€ CCA o, , we show Plav)=av:

2

- .



vV Te prove CCPY= N(A) o ghow “S“ ond “2."‘

St Leb W CCP) ocbit. , then FxeR? sachtal w = Px.
e show +hot Aw =0:

Aw = ACPr) = ACx-Ar) > Ax-l\'x';At-P«x =0

Q)

[\)

W2 ¢ Lk WeNCA) ot hen Aw =0.
We Show Ahak AxeRI: y=2Px:
W= W-0=w-fAwW = (I,-A)w = Pw

Herce N(A) & CCP)
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