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1. (20 points) Calculations

a) (10 points) Given the following systems of equations Ax = b with

1 0 =2 1
A=10 2 « , b= 3], afeR.
06 3 B8

Solve this LSE with & = 2 and 8 = 9. For which values of a and /3 does this LSE have zero, one or
infinite solutions?

A o -2 | 1
o % % ) Pus W: x,=0
o 6 31|39 -3 3 A
T: x,== -.-:)xa(Slz)
A 6 -2 A 2= 2 o
~> o 2 % 3 T: x,:4
0 o -3 V)
Fa o -a| 1
o 2 o |3 .
L. 0 6 3 ?:,-3][ => Jenou ane ” LFA
A O -2 | 4 keine * a=Ar B+
> o v ol 3 - '\ H = A =
| 0 o 234 ?»-3] oTviEet x=ARE=I

I_oo*olcgvl.l genost eine LOOO‘*OJ
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b) (10 points) Let B be a 2 x 2 matrix with

p-(12)

Diagonalize B, that is, find a diagonal matrix A and matrix V' such that B = VAV L
EW:
A 2 .
Ka(B) = det(B-Ta)= | 2 -A l = A=k =(A-2)(A+2)

= ’\A= ?_’ ’\'L=-1

EV Ax¢
-2 2 o - 2 o N Xp=teR A
(7_-7_ °)+1 ~ ) 0\0) = et =>sr*°i(4)3
EV Ay’

2 2 o] T 2 (o) = R -
(2. 2 o)__l ~> o o \o) = ):(:"‘EZ => afmi(:})}

Soast Colls EV normalized :

_(Ye® -‘/m) 2 0 )(‘/rz' -'VJD)T
- Yo A o-2)\ Yo 4m

(‘/ﬁ %a)
-4A1| 4/5‘3



2. (20 points) Proofs

a) (10 points) Let @ be a orthogonal matrix. Show that for any vectors x - y = Qx - Qy, that is,
orthogonal matrices preserve the dot product.

Qx - Qj
'-'(Qx)TGj
=xQ 8y

T

ATy

ﬁ'\d

o



b) (10 points) If A is a square matrix, show that AA” and AT A are similar.
Hint: Start with the SVD of A, A=USVT.

A=Q0=N"
AT=COSNT)T =vT0"
=> AR" = U's_.v:g AN
=0T o
=007
= AA=VE 0TV
= \::.*s:.:v*
SVZ“LV'\'
1€ AAT and ATA similoc, then IX such that
ART = XATAR™
& 0T =V BV
Let X=COVT):
CONTIVENT CovT)™
=gVTVSEy T ) o™
xS ="
= 020

00"



3. (20 points) Quiz

a) [t] [f] (10 points) Let A be a n x n matrix with rankA < n. Which of the following statements are
true [t] or false [f]?

W O Ais not invertible.

K (O There exists a nonzero vector z such that Az = 0.

x (O The column vectors of A are linearly dependent.

™ O The row vectors of A are linearly dependent.

X O dimC(A) < n.

X O dimN(A) > 0.

R O dimC(AT) + dimN(AT) =n. ( Sei 8= AT, Dimensicsssatz)

5 O There is no orthogonal matrix Q with A = QR. YWt wean A &l raak f-ﬂﬂ“l“)
® O det(A) =0.

® O At least one eigenvalue of A is zero.

AN



b) [t] [f] (5 points) Let A be a real 3 x 3 matrix and b € R®. Which of the following statements are true
[t] or false [f]?

OX {(a b )T eR¥la+b+c=1}is a subspace of R, (%)4 Set

O X {(a®> b a)T €R3}is a subspace of R?. Counfec ex: -Aw § Seb = @(W\)

¥ O {z R z=—z)isasubspace of R,

O X {x €R?| Az = 0} is a subspace of C'(4). NCRYc X, RCAYC Y

O X {zeR®|z= ATy} is asubspace of {x € R?| Az = y} where AT is the pseudoinverse of A.
~———

50.580{'(/



c) (5 points) Let aj, a9, as be three linearly independent vectors, columns of matrix A = (a1 a2 a3).
If det(A) =5, then the matrix B = (as+ a1 + a2 a1 + as + a3) has following determinant:

A
O 10 u
X 0 -
O -30

O 5
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